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ABSTRACT
This article presents the effect of inclined magnetic field on the MHD boundary layer flow of tangent hyperbolic
fluid with nanoparticles past a stretching surface with viscous dissipation, chemical reaction and convective boundary condition. Condition of zero normal flux of nanoparticles on the wall is used for the concentration boundary
condition, which is the current topic that have yet to be studied extensively. The partial differential systems are reduced to ordinary differential systems by using appropriate similarity transformations. The reduced systems are
solved numerically by Runge-Kutta fourth order method with shooting technique. The velocity, temperature and
nanoparticle volume fraction profiles are discussed for different physical parameters. As well as the Skin friction,
Nusselt and Sherwood numbers are exhibited and analyzed. It is found that the viscous dissipation enhances the
effective thermal diffusivity and the temperature rises. It is also observed that the inclined magnetic force decreases
the velocity field, showing an increasing behavior of temperature and nanoparticle volume fraction profiles.
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INTRODUCTION
The momentum and heat transfer of the boundary layer flow over a stretching surface have been applied in numerous chemical engineering processes, such as polymer extrusion processes and metallurgical processes, which involve cooling of a molten liquid. Sakiadis [1] initiated studying the boundary layer flow over a stretched surface
moving with a constant velocity and formulated boundary layer equations for two dimensional and axisymmetric
flows. Crane [2] investigated the flow caused by a stretching sheet. On the other hand, Gupta [3] stressed that realistically, stretching surface is not necessarily continuous. Magyari and Keller [4] analyzed the steady boundary layers
on an exponentially stretching continuous surface with an exponential temperature distribution. Elbashbeshy [5]
investigated the heat transfer over an exponentially stretching continuous surface with suction. Fathizadeh et al [6]
proposed a powerful modification of the homotopy perturbation method for MHD flow over a stretching sheet. The
most important non-Newtonian liquid model is tangent hyperbolic liquid model and which has certain advantages
over other non-Newtonian formulations. Pop and Ingham [7] presented the tangent hyperbolic fluid model and it is
extensively used in different laboratory experiments. After that, Nadeem et al [8] studied the peristaltic transport of
a hyperbolic tangent fluid within an asymmetric channel. The tangent hyperbolic fluid model is used by Friedman et
al [9] for large-scale magneto-rheological fluid damper coils. In another study, peristaltic flow of tangent hyperbolic
fluid in a curved channel is studied by Nadeem et al [10] and they explored the behavior of various parameters on
pressure rise against flow rate and plotted stream lines to understand the pattern of the flow. Akbar et al [11] investigated the steady MHD flow of tangent hyperbolic fluid over a stretching sheet. They found that velocity profile
decreases by increasing power law index and Weissenberg number but demonstrates opposite results for skin friction.
A nanofluid is a liquid containing nanometer-sized solid particles, called nanoparticles, which basically increasing
thermal conductivity of the base fluids according to an investigation of Choi [12]. Pak and Cho [13] ascribed the
increased heat transfer coefficients noticed in nanofluids to the dispersion of suspended particles. Xuan and Li [14]
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proposed that the heat transfer enhancement was the result of the increase in turbulence induced by nanoparticle
motion. A large amount of literature is available, which deals with studying nanofluids and their applications [15–
17]. Akram and Nadeem [18] investigated the impact of peristaltic transport of a tangent hyperbolic fluid in the
presence of nanoparticles under the influence of inclined magnetic field. They have found that increase in the
Brownian motion and thermophoresis leads to enhance temperature profile. Saidulu and Lakshmi [19] described the
boundary layer flow of a non-Newtonian Casson fluid accompanied by heat and mass transfer towards an exponentially stretching sheet with viscous dissipation and chemical reaction. Bala [20] investigated the theoretical study of
the steady two-dimensional MHD convective boundary layer flow of a Casson fluid over an exponentially inclined
permeable stretching surface in the presence of thermal radiation and chemical reaction. Prabhakar et al [21] analyzed the effect of inclined Lorentz forces on hyperbolic tangent nanofluid flow with zero normal flux of nanoparticles at the stretching sheet. Recently, many researchers discussed the tangent hyperbolic fluid flows over stretching
surfaces [22–28].
The aim of the present study is to investigate the numerical solution of the tangent hyperbolic nanofluid over a sheet
with viscous dissipation, chemical reaction and convective boundary condition. Using similarity transformations, the
partial differential equations are reduced to a set of nonlinear ordinary differential equations, which are solved by
Runge-Kutta fourth order method with shooting technique. Graphical results are plotted and discussed for various
parameters on the velocity, temperature, and concentration profiles.
MATHEMATICAL FORMULATION
Consider the steady two-dimensional boundary layer flow of an incompressible viscous and electrically conducting
tangent hyperbolic nanofluid flow over a stretching surface which coincides with the plane y  0 . The fluid flow is
confined to y  0 . The x -axis is taken along the stretching sheet in the direction of motion while the y -axis is perpendicular to the sheet. Two equal and opposite forces are applied along the x -axis so that the wall is stretched
keeping the origin fixed. The flow takes place in the upper half plane y  0 . Along with this we considered an inclined magnetic field, viscous dissipation and chemical reaction to the flow.
The constitutive equation of tangent hyperbolic fluid is:
n
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      0    tanh      ,


in the above expression  is an extra stress tensor,  is an infinite shear rate viscosity,  0 is the zero shear rate
viscosity,  is the time-dependent material constant, n is the power law index i.e. flow-behavior index and  defined as:
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The corresponding boundary conditions are:

u  U , v  V , k

T
C DT T
 h f T f  T  , DB

 0 at y  0 ( zero normal flux),
y
y T y
u  0, T  T , C  C as y  .

(8)
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Where u and v are the velocities in the x - and y directions, respectively,  


is the kinematic viscosity,  is


the fluid density (assumed constant),  is the coefficient of fluid viscosity,  is the electrical conductivity, B( x)
is variable magnetic field,  is an inclination angle, k is the thermal conductivity, T is the fluid temperature, T
(  c) p
is constant temperature of the fluid in the viscid free stream, c p is the specific heat at constant pressure,  
(  c) f
is the ratio between the effective heat capacity of the nanoparticle material to the heat capacity of the base fluid,  p
is the density of the particles, c f is the volumetric expansion coefficient, C is the nanoparticle volume fraction,

DB is the Brownian diffusion coefficient, and DT is the thermophoretic diffusion coefficient and k1 is reaction
rate . U  ax is the stretching velocity, T f is the convective fluid temperature below the moving sheet, h f the convective heat transfer coefficient, V  0 is the velocity of suction and V  0 is the velocity of blowing.
Method of Solution
Introducing the similarity variables as
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Where  is the similarity variable, f ( ) is the dimensionless stream function,  ( ) is the dimensionless temperature,  ( ) is the dimensionless concentration and primes denote differentiation with respect to  . The transformed
ordinary differential equations are:
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is the thermophoresis parameter,

quantities of this problem are the skin friction coefficient C f x and the local Nusselt number Nu x , which represent
the wall shear stress and the heat transfer rate respectively.
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The skin friction coefficient C f x is given by
1
2
n
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2

  0
and the local Nusselt number Nu x is given by
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is a local Reynold number.
NUMERICAL PROCEDURE

The system of coupled non-linear ordinary differential equations (11) - (13) along with the boundary conditions (14)
and (15), which are solved numerically by Runge-Kutta fourth order method with shooting technique. The step size
taken as   0.01 is used to obtain the numerical solution, and the boundary condition    is approximated by

max  10 . The solutions are obtained with an absolute error tolerance of 106 in all cases. In order to get a clear
insight of physical problem, numerical results are displayed with the help of graphical illustrations. Also, to calculate the accuracy of the present numerical results, comparison with those obtained by Fathizadeh et al [6] are shown
in Table 1.
Table-1 Values of skin friction coefficient for several values of magnetic parameter M in the absence of
n  Ec  KI  Bi  S    Nb  Nt  Le  0
M
0
1
5
10
50

Numerically
-1
-1.41421
-2.44948
-3.31662
-7.14142

HPM [6]
-1
-1.41421
-2.44948
-3.31662
-7.14142

Present study
-1.000008
-1.414214
-2.449490
-3.316625
-7.141428

RESULTS AND DISCUSSION
This section is focused on the physical insight of different parameters on the velocity f  ( ) , temperature  ( ) and
nanoparticle volume fraction profiles  ( ) . Figures 1a and 1b show the effect of the power law index n on the velocity, temperature and nanoparticle volume fraction profiles. Here, the velocity and the associated boundary layer
thickness show reducing but the reverse behavior is obtained for temperature and nanoparticle volume fraction profiles with larger values of the power law index n . The effect of the magnetic parameter M on the velocity, temperature and nanoparticle volume fraction profiles are shown in Figs. 2a and 2b. It is seen that the velocity is a decreasing function of the magnetic field parameter M . It holds because with the increase in M , the Lorentz force increases which produces the retarding effect on the fluid velocity. From Fig. 2b the effect of magnetic field is to enhance
the temperature and nanoparticle volume fraction profiles. Clearly, larger magnetic parameter yields larger Lorentz
force which causes strong resistance in the fluid motion. Hence, more heat is produced which enhances the temperature and nanoparticle volume fraction profiles.

(a)
(b)
Fig. 1 Effect of n on (a) velocity and (b) temperature and nanoparticle volume fraction profiles
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(a)
(b)
Fig. 2 Effect of M on (a) velocity and (b) temperature and nanoparticle volume fraction profiles

(a)
(b)
Fig. 3 Effect of S on (a) velocity and (b) temperature and nanoparticle volume fraction profiles

(a)
(b)
Fig. 4 Effect of We on (a) velocity and (b) temperature and nanoparticle volume fraction profiles

The effects of the suction/blowing parameter S on the velocity, temperature and nanoparticle volume fraction profiles have been analyzed and the results are presented in Figs. 3a and 3b. These figures show that the suction/blowing has a profound effect on the boundary layer thickness in which the suction reduces the thermal boundary layer thickness whereas blowing thickens it. However, the net effect for the suction parameter is to slow down the
flow velocity, temperature and nanoparticle volume fraction but the reverse is true for the blowing parameter. So,
we can conclude that the suction can be effectively used for the fast cooling of the sheet.
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Figures 4a and 4b indicate the effect of the Weissenberg number We on the velocity, temperature and nanoparticle
volume fraction profiles. It is observed that the velocity profile decreases by the increasing We . In fact, it is a ratio
between the shear rate time and the relaxation time. Hence, for larger Weissenberg numbers We , the fluid becomes
thicker, and consequently, the velocity and the boundary layer thickness decrease. Hence velocity profile shows the
decreasing behavior while temperature and nanoparticle volume fraction profiles are increasing with increasing values of Weissenberg number We . Figures 5a and 5b give the insight for the influence of the angle of inclination on
the velocity, temperature and nanoparticle volume fraction profiles. It is noted that with the increase in  , the velocity profile increases but the reverse behavior is obtained for temperature and nanoparticle volume fraction profiles.
This phenomenon often occurs due to strengthens in the applied magnetic field. Due to enhanced magnetic field an
opposite force is produced to the flow, called Lorentz force which resists the fluid flow; consequently, the velocity
profile decreases. It is also seen that for the angle   0 the magnetic field has not effect on the velocity profile,
while maximum resistance is offered for the fluid particles when    / 2 .
Figure 6a shows the impact of convective parameter called Biot number Bi on the temperature and nanoparticle
volume fraction profiles. Physically Biot number is the ratio of convection at the surface to conduction within the
surface of a body. It holds that both temperature and nanoparticle volume fraction profiles are increasing with an
increasing values of Biot number Bi . Figure 6b indicates the effect of the viscous dissipation parameter Ec on the
temperature and nanoparticle volume fraction profiles. It is seen that the temperature and nanoparticle volume fraction profiles are increasing functions of the viscous dissipation parameter Ec .

(a)
(b)
Fig. 5 Effect of  on (a) velocity and (b) temperature and nanoparticle volume fraction profiles

(a)
(b)
Fig. 6 Effects of Bi and Ec on temperature and nanoparticle volume fraction profiles
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(a)
(b)
Fig. 7 Effects of Nb and Nt on temperature and nanoparticle volume fraction profiles

(a)
(b)
Fig. 8 Effects of Le and K I on temperature and nanoparticle volume fraction profiles

The behavior of the Brownian motion parameter Nb on the temperature and nanoparticle volume fraction profiles
are drawn in Fig. 7a. It is seen that the temperature profile is increasing but reverse behavior is obtained for nanoparticle volume fraction profiles with increasing values of the Brownian motion parameter Nb . This is because that the
random motion of the particles enhances by increasing the Brownian motion parameter Nb and, as a result, the
temperature profile increases. Figure 7b gives the insight for the influence of the thermophoresis parameter Nt on
the temperature and nanoparticle volume fraction profiles. The increase in the thermophoresis parameter Nt leads to
the enhancement of both the temperature and nanoparticle volume fraction profiles. The difference between the wall
and reference temperatures increases for larger thermophoresis parameter Nt , and the nanoparticles move from hot
region to cold region. Hence, the temperature profile increases.
Figure 8a depicts the variation of temperature and nanoparticle volume fraction profiles with coordinate  for various values of Lewis number Le . It is clear from the figure nanoparticle volume fraction profile reduces with an increase in Lewis number, but temperature profile increases. An increase in the values of Lewis number Le corresponds to a weak Brownian diffusion coefficient which results in short penetration depth for nanoparticle volume
fraction profile. As a result a rise in Le the nanoparticle volume fraction decreases. It is also noticeable that the nanoparticle volume fraction profile is affected more even for small value of Lewis number Le . Figure 8b shows the
influence of the chemical reaction parameter on the temperature and nanoparticle volume fraction profiles within the
boundary layer. From this graph, it is observed that the nanoparticle volume fraction reduces but temperature profile
increases with an increase in the chemical reaction parameter.
In order to determine the impact of viscous forces at the surface, skin friction is analyzed in Fig. 9a and 9b with respect to the variation of suction/blowing parameter S , power law index n , magnetic parameter M , Weissenberg
number We and inclination angle  . It is observed that skin friction depicts the decreasing behavior for both blowing and suction region. From these figures local skin friction is decreasing with various values of power law index
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n , magnetic parameter M and Weissenberg number We and inclination angle  . In Figs. 10a and 10b, variation
is obtained for local Nusselt number with suction/blowing parameter, viscous dissipation parameter, Biot number,
Prandtl number and thermophoresis parameter. It is seen that the local Nusselt number is decreasing with increasing
values of suction/blowing parameter, viscous dissipation parameter and thermophoresis parameter, but reverse behavior is obtained for Biot number and Prandtl number.

(a)
(b)
Fig. 9 Variation of skin friction with various values of S , n M , We and 

(a)
(b)
Fig. 10 Variation of skin friction with various values of S , Ec Bi , Pr and Nt

CONCLUSIONS
In this paper, we studied the impact of inclined magnetic field, viscous dissipation and chemical reaction on MHD
boundary layer flow of tangent hyperbolic nanofluid over stretching sheet with suction/blowing and covective
boundary condition. The main findings of this study are as follows:
 Velocity profile decreases with increasing magnetic parameter M but temperature and nanoparticle volume
fraction profiles are increases in this case.
 Inclined angle  reduces the velocity profile, but it increases the temperature and nanoparticle volume fraction
profiles.
 The surface temperature of a sheet increases with viscous dissipation parameter Ec . This phenomenon is ascribed to a higher effective thermal diffusivity.
 As the thermophoresis parameter Nt enhances, both temperature and nanoparticle volume fraction profiles increases. The effect of Brownian motion Nb is to increase the temperature and decrease the nanoparticle volume
fraction profiles.
 The skin friction decreases with the increasing values of S , n , M , We and  .
 The local Nusselt number decreases with the increasing values of Ec and thermophoresis parameter Nt .
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